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Abstract. An extended study is performed of geometrical and kinematical assumptions used in calculations
of the neutrino oscillation phase. The almost universally employed “equal velocity” assumption, in which
all neutrino mass eigenstates are produced at the same time, is shown to underestimate, by a factor of
two, the neutrino propagation contribution to the phase. Taking properly into account, in a covariant path
amplitude calculation, the incoherent nature of neutrino production as predicted by the standard model,
results in an important source propagator contribution to the phase. It is argued that the commonly
discussed Gaussian “wave packets” have no basis within quantum mechanics and are the result of a
confused amalgam of quantum and classical wave concepts.

1 Introduction

The first published calculation of the phase of neutrino os-
cillations, on the assumption that neutrinos are massive,
but ultra-relativistic, was made in 1969 by Gribov and
Pontecorvo [1]. No details of the method used to obtain
the phase were given. Later publications used this result
for phenomenology. In 1976 a paper was published [2] in
which an oscillation phase a factor of two smaller than
the Gribov—Pontecorvo result was obtained. No comment
was made, then or later, on this discrepancy, which re-
mained unnoticed before a paper written recently by the
present author [3] in which more bibliographic details of
this “missing controversy” can be found. Since the first
derivation of the “standard” oscillation phase, as the re-
sult of [2] will be referred to in this paper, of the order
of a hundred papers have been published devoted to the
quantum mechanics (QM) of neutrino oscillations.

The present paper has three aims. The first one is to
carefully review the kinematical and geometrical assump-
tions of previous calculations, particularly with regard to
their consistency in terms of an expansion in powers of the
neutrino masses. The second is to present a calculation of
the oscillation phase, for sources at rest, using a covariant
Feynman path amplitude formulation [4,5] of QM. The
third is to critically discuss treatments, in the literature,
of the QM of neutrino oscillations, in the light of both the
kinematical and geometrical findings of the present paper
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and the physical insights provided by the path amplitude
treatment.

The calculations presented here are only a subset of
those to be found in a previous paper by the present au-
thor [3], results of which are also summarised in a short
letter [6]. The calculations in [3] include neutrino oscilla-
tions following decay at rest of pions, muons and 3 un-
stable nuclei, muon oscillations following pion decay at
rest, and neutrino and muon oscillations following decay
in flight of ultra-relativistic pions. Also discussed in [3]
are different mechanisms (both coherent and incoherent)
that may contribute to damping of the oscillations. An at-
tempt has been made, in the present paper, to give a more
pedagogical presentation in which the crucial underlying
physical assumptions used are spelt out as clearly as pos-
sible.

Reference [3] contains already a extensive critical re-
view of the previous literature. In the present paper, the
further discussion has been largely motivated and ori-
entated by the reports of several anonymous reviewers
of [3,6]. Since writing these papers I became aware of the
important work of Shrock [7,8] who pointed out, more

! Feyman’s original work on this subject cited in [4, 5] con-
cerned only non-relativistic QM, but the fundamental formula
(67), on which the work presented in the present paper is based,
holds also in relativistic QM. The approach should be more
properly termed a “path amplitude” rather than a “path inte-
gral” one as no attempt is made to evaluate the latter in closed
mathemetical form, as is done, for example, in the discussion
of bound state problems
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Table 1. Values of the flavour-mass mixing amplitude (p|q)

p 1 2 e n

q

1 0 0 cos —sinf
2 0 0 sin 6 cos 6
e cos 0 sin 6 0 0

u  —sinf  cosf 0 0

than twenty years ago, the incoherent? nature of the weak
decay processes in which neutrino mass eigenstates are
produced. This was indeed one of the crucial assumptions
for the calculations presented in [3,6]. I also now fully un-
derstand the (simple) reason why the standard oscillation
phase has been obtained in essentially all published deriva-
tions since [2]. Indeed, as will be demonstrated, the wrong
(standard) instead of the correct (Gribov—Pontecorvo)
neutrino propagation phase has been universally obtained
due to the universal failure to use the correct description
of the weak neutrino production processes as formulated
by Shrock [7,8].

For simplicity, only two-flavour mixing will be consid-
ered, so that the mixing amplitudes: (i|a) (where i (= 1,2)
refers to neutrino mass eigenstates vq,v and « (= e, )
refers to the flavour of the charged lepton participating in
the weak interaction process) may be taken to be real. Uni-
tarity then enables all mixing amplitudes to be described
in terms of a single angular parameter, 6, as shown in
Table 1.

Note that there are no “neutrino flavour eigenstates”.
The amplitude (1|u), for example, is the amplitude to pro-
duce the neutrino mass eigenstate vy in association with
(or in the decay of) a muon. Thus the flavour-mass mix-
ing amplitudes fix the strength of the charged current cou-
plings to the neutrino mass eigenstates [7,8]. For example,
in the decays 77, KT, B* — ptu; the leptonic charged
current is 7;y,(1 —v5)Upip (¢ = 1,2) to be compared with
the quark currents: gv,(1 — v5)Vuqu (¢ = d,s,b), where
Ui = Uy, = (1)p) is an element of the Maki-Nakagawa—
Sakata (MNS) [9] lepton flavour/mass mixing matrix, and
Vug is an element of the Cabibbo-Kobayashi-Maskawa
(CKM) [10] flavour/mass mixing matrix in the quark sec-
tor. The couplings of antineutrinos to charged antileptons
are the same as those of neutrinos to charged leptons in
the two-flavour mixing case.

The amplitude to produce a charged lepton of flavour 3
by the interaction of a neutrino mass eigenstate i produced
in a decay involving a charged lepton® of flavour a may,

2 The word “incoherent” here means that the different mass
eigenstates are produced in independent physical processes, not
in a coherent “flavour eigenstate” that is a superposition of
the mass eigenstates. A “coherent source” is defined as one in
which the amplitudes corresponding to different decay times
have a well-defined phase difference

3 In the decay process, this charged lepton, together with the
neutrino v;, form a charged current that couples to a real or
virtual W boson
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in general, be written as
Ai(B + o) = Ao exp(—14¢;)(Bli)(i|ar). (1)

The probability to observe a charged lepton of flavour 3,
in the case that the neutrino mass eigenstates are not
distinguished, is then, by superposition,

Pgo = |A1(B + a) + A2(8 + o),
= |Ao” [({BI1)(1]a))* + ((B12){2]ev))? (2)
+2(B[1)(B12) (1]} (2|ex) cos(Adr — Apa)] -
The “neutrino oscillation phase” ¢15 is defined as
P12 = A1 — Ags. (3)
The Gribov—Pomeranchuk value of the oscillation phase is

Am2L
?21:) = p ) (4)

whereas the standard result is
Am2L

(bstand _
2 2p,,

(5)

In (4) and (5), Am? = m} — m3 where m; and my are

the neutrino masses, L is the source—detector distance
and p, is the measured neutrino momentum. Units with
h = ¢ = 1 are used throughout this paper. The word “neu-
trino”, without further qualification, stands for “neutrino
mass eigenstate”. The plan of this paper is as follows: In
Sects. 2, 3 and 4 various kinematical and geometrical ap-
proximations that have been used in neutrino oscillation
calculations are discussed. In particular it will be exam-
ined whether particular approximations retain, or not, all
the leading order O(m?) terms, or contribute only neg-
ligible O(m*) corrections. The Lorentz invariant nature
of the oscillation phase is fully exploited in these purely
mathematical considerations. Section 5 describes the cal-
culation of the oscillation phase using the covariant Feyn-
man path amplitude method. Section6 is devoted to a
discussion of previous treatments of the QM of neutrino
oscillations. In particular, the physical basis of widely used
Gaussian wave packet models is questioned. Section 7 con-
tains a brief summary and outlook.

2 Lorentz invariant plane wave propagation

In this case, the one-dimensional propagation amplitude
for a particle of mass m; over space and time intervals,
Ax; and At;, is given by

P(Az;, At;,m;) = Pyexp {—i[E; At; — p; Az}
= Pyexp {—im;Ar;}
= Pyexp {—14¢;}. (6)
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Here Ar; is the proper time interval, in the rest frame of
the particle, i, corresponding to space and time intervals
Ax; and At; in the laboratory frame, so that

A’Tiz = (Atl)2 — (AI’Z)Q (7)

The relativistic relation between energy, momentum and

mass,

implies a group velocity viG for the travelling wave repre-
sented by (6) given by

'U_G' dErL _ &.
! dp; E;

(9)

In the following, it is assumed that the neutrino mass
eigenstates whose propagation is described by (6), have
velocity v; = v¥. As correctly emphasised in [11] parti-
cle oscillation experiments actually measure the spatial,
not the temporal, dependence of quantum mechanical in-
terference effects. Therefore, throughout the kinematical
discussions in the present and following sections, a fixed
distance, Azx; = L, is assumed between the source particle
(at rest) and the detection event. With the additional as-
sumption that the propagating neutrino mass eigenstates
are on-shell particles, several different exact expressions
may be written for the Lorentz invariant phase increment

Vi E; i

(10)

where, in the last member of (10), the relation At; = L/v;
has been used, and v = 1/v/1 —v? = E/m is the usual
parameter of special relativity.

The value of the oscillation phase ¢12 = Ap; — Ao
obtained using different kinematical approximations will
now be considered. For this it is useful to introduce the
quantity po which is the limiting value of p; or F; as m; —
0. The following expressions for p; and E; may then be
written:

2
m; 1
El‘:m{“(ms) L—RJ} .
where ms ,
Po = 7(1 - R’rn)' (13)

Here mg is the mass of the decaying source particle and
R,, = mgr/mg where mg is the mass of the particle (or
system of particles) recoiling against the neutrino in the
decay process. It is also convenient to introduce the av-
erage kinematical quantities for the neutrino mass eigen-
states:

(m1 + mo)

m =
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p: (pl—;_pZ)’ (15)
E = \/p* +m>. (16)

If, as is usually done in the literature, common values of
both Az and At are assumed for both mass eigenstates,
then

’1}1:1)2:5:%:% (17)
and .
At FE

71—72—7—X — (18)

It must be remarked at once that such an “equal veloc-
ity” hypothesis is in contradiction with the fundamental
definitions in (6)—(9). For logical consistency, if Az and
At are assumed to be equal for the two mass eigenstates,
then also E; and p; in (6) should be replaced by E and
P. Then, evidently, no neutrino oscillations would be pos-
sible. In fact the equal velocity hypothesis assumes not
only (17) but also that the energy and momentum ap-
pearing in the 4-vector product in (6) are in accordance
with energy-momentum conservation in the decay process.
Since viG = p;/E; # U, there is then an internal contradic-
tion. Also, because of (17), the corresponding space and
time intervals do not respect the equations v = Az; /At;,
i.e. the neutrinos do not move along classical trajectories
specified by the group velocities viG . Thus the equal veloc-
ity hypothesis respects energy-momentum conservation,
but not the constraints of space-time geometry, and con-
tains an internal contradiction. The formula (6) combines
the quantities (Ax;, At;) from space-time geometry and
(E;, p;) from particle kinematics. The equal velocity hy-
pothesis then treats, in an inconsistent manner, these two
sets of quantities. Introducing the notation Ag;(v) for the
approximate phase increment calculated with fixed veloc-
ity U, according to (14)—(18),

m; At mIAt  m?iL

AiiimiAT: — —
¢:(7) N

(19)

Now denoting by the superscripts I, II, III and IV the
values of ¢12(7) calculated using the successive members
of (19) the following results are obtained:

12(0) = (my —my) At

mL  (m}—m3)L

= (my — mz)? = (20)
@) = (my mgé
= (m1 — mQ)%L _ (ml;];n?)Ly (21)
A (miomd)L
@) = mi-mp = TR @
() = (mi—ma)l (23)
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The phases ¢! and ¢1Y are found to be equal and a factor
of two larger than either ¢l, or ¢!L. The different results
obtained indicate that some inconsistent approximations
must have been made in the passage from the exact ex-
pressions for the phase increment in (10) to the approxi-
mate ones in (19). To see just where the inconsistency has
occurred, and which results, I and II or ITI and IV, are cor-
rect, the calculation is now done using the exact formulae
of (10) and, for ease of comparison with the approximate
expressions in (19) the neutrino masses are written as

m; = m+6i7 (24)

where

— My
2
Thus §,; are correction terms, relating the approximate
relations in (19) to the exact ones in (10). Denoting by
¢12(exact) the interference phase calculated using (10)
then

8 =8, = (25)

¢12(€X&Ct) = m1AT1 — mgATQ

At At 2 2
m At At (mlmz)L

" V2 b1 b2
2_ 2
= MM p oy, (26)
p
Thus the result obtained is in agreement, at O(m?), with

the approximate calculations in cases IIT and IV. Using
now (24) and (25)

¢12(exact)
{m—kﬁl _(m—|—52)2}L
P2
{m-ﬁ-& m+62)}L+O(m4)
(m —m3) p (= ma)m L+0(mY. (27)

Comparing the second term on the RHS this equation with
(20) or (21) it can be seen that the correction terms in
(24) have the effect of doubling the approximate results
15 (0) and ¢!L(v). Thus important O(m?) contributions
are neglected in (20) and (21). The reason why the con-
stant velocity approximation is so poor in (20) and (21)
becomes evident on inspection of (18). Unlike in the case
of neutral kaons or BY mesons, the neutrino masses may
be widely different, so that although, for highly relativis-
tic neutrinos, the velocities of the mass eigenstates may
be very similar, this is not the case for the Lorentz-v fac-
tors in (18) that are inversely proportional to the neutrino
masses. The important difference between the exact and
approximate calculations occurs in the very first member
of (20). Indeed, as is shown by (26) and (20):

¢12(€X&Ct) — 112(7) = mlATl — mzATQ — (m1 — mQ)AT

(28)
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In fact, in (22) and (23), the approximate Lorentz-vy factor
5 = E/m is replaced by the still approximate but mass
dependent « factors E/m; which differ from the exact ones
E;/m; by corrections of only O(m?). Thus, up to correc-
tions of O(m?*), the same result is obtained as the exact
formula. On the other hand the difference between 1/7,
used in (21), and 1/9; or 1/42 used in (10), is of O(m)
and so cannot be neglected in an O(m?) calculation of the
oscillation phase.

It is instructive to calculate the oscillation phase di-
rectly in the laboratory system, using (6), rather than by
Lorentz transformation from the neutrino center of mass
to the laboratory system as in (10) and (19). Considering
first the equal velocity case:

150 (0) = (Ex — E2) At — (p1 — p2) L
1
= |:(E1 — Eg)% - (pl —pQ) L. (29)
Using the relations
m2
B = \/p} +m} =p; + oo T O(m*), (30)
72
2p
and noting that, from (11) and (15) that p; = p + O(m?),
(29) may be written as
LAB () = (m% - mg) L+0(m*)
2 2p1 2po
(mi —m3)
=—7==L+0 32
SlLeomt, @

in agreement with (20) and (21). The exact formula gives

To (exact) = (EBy Aty — EyAty) — (p1 — pa) L
E
= [1—171 - 2+p2} L
U1 U2
_ [? _ m%} L
P1 P2
2 .2
— (ml m2)L—|— O(m4), (33)

in agreement with (22) and (23). It can be seen that

12" (exact) — 615" (0)

(m? — m3)

— 1 ) 4
= o L+ 0O(m?).

(Ey, — E3) At
(34)

Again, the “equal velocity” formula is seen to neglect
O(m?) contributions that double the value of the oscil-
lation phase.
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The neglect of important O(m?) terms when the equal
velocity hypothesis is made especially transparent on re-
writing (26) in the following way:

¢12(exact) = mi Ay — mo ATy (35)
= (m1 — mQ)ATl + mg(ATl — ATQ).
Since I I
Ar = T2 2 T2 L O(md), (36)
Y23 Po
(35) can be written as
¢12(exact) = M[ml +ma]L +O(m*).  (37)

Do

The equal velocity hypothesis now implies

(a) Neglect of Aty — Ar ie. of the second term in the
square brackets in (37);

(b) making the replacement m;/po — /P in the remain-
ing term of (37).

It is now obvious that (a) and (b) neglect (different)
O(m?) terms; a term ~ may(my — my) for (a) and a term
~ (myq —m)(m1 —mz) = (myq —my)?/2 for (b). The sum
of these neglected terms is ~ (m? — m3)/2 = m(m; —
msz), equal to the terms retained by the equal velocity
hypothesis.

Thus the essentially universally employed “equal ve-
locity” assumption results in the neglect of O(m?) terms
in the calculation of the vacuum oscillation phase. The ex-
istence of these terms explains the factor of two difference
between the original calculation of the oscillation phase
by Gribov and Pontecorvo (which is the correct O(m?)
result) and the “standard phase” given by all calculations
that make the “equal velocity” assumption.

The calculation of the oscillation phase is now repeated
assuming, instead of equal velocities for the neutrino mass
eigenstates, either equal momenta or equal energies. For
equal momenta the following relations hold:

L = At;(p)vi(p), (38)
Ei(p) = \/p* +m3, (39)
w) = 5oy (40)
i) = 20 (41)

These yield, for the invariant phase increment,

m;Ati(p)  m2At(p) miL
i(p) Ei(p) P
(42)
Comparing with (10) it can be seen that each member of
the two equations differ only by terms of O(m?). Thus, at
O(m?) the Gribov—Pontecorvo result (26) is obtained for
the oscillation phase. For the equal energy case

Api(p) = m;Ati(p) =

L = Ati(E)vi(E), (43)
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pi(B) =\ B? —m3, (44)

vi(E) =" (EE) (45)

E) = (46)
A¢i(E) = m; Ary(E) = mf(?fE()’E> _ m%AEti(E>

N ;T(Z;) (47)

Again, all terms in last equation differ from the corre-
sponding ones in the exact expression (10) only by terms of
O(m*) so that the oscillation phase agrees with the value
in (26). It is easily seen that this result is also obtained in
the case of either equal momenta or equal energies if the
oscillation phase is calculated directly in the laboratory
system as in (33).

It may be shown, in a similar way, that once a constant
value of At is assumed, the standard oscillation phase is
obtained independently of whether the energy and mo-
mentum are calculated on the assumption of exact energy-
momentum conservation, or whether the equal momentum
and different energy or different momentum and equal en-
ergy hypotheses are used.

Thus, the “standard” oscillation phase is obtained only
in the case of the “equal velocity” hypothesis. In all cases:
“equal velocity”, “equal momentum” and “equal energy”,
an unphysical assumption is being made (i.e. one that vi-
olates conservation of energy and momentum). The study
just presented shows that in the latter two cases the error
of the approximation is only of O(m?*) in the oscillation
phase, and so is negligible at O(m?). However, in the for-
mer case, the neglected terms are of O(m?) and so lead to
an incorrect result at this order.

Finally, in this section it will be found of interest for
the subsequent discussion of independent temporal or spa-
tial propagation to calculate the separate temporal (T)
and spatial (S) parts, in the laboratory system, of the
Lorentz invariant oscillation phase ¢1s:

1B (T) = (B1At — Ex Aty)

E2 2
= (1 — EQ) L
D1 b2

2 2
~(n-p+ 212y (19)
2 2 9
— |:1 o (1 + Rm,):| (ml m2)L+O(m4),
4 Do
%?B(S) =—(p1 —p2)L
1+ R?

On adding (48) to (49) it can be seen that the Lorentz in-
variant oscillation phase originates entirely from the tem-
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poral part, the spatial part being exactly cancelled by a
term in the temporal one.

3 Gaussian wave packet propagation

Very often in the literature, following [12], the plane wave
propagator of (6) has been modified by the introduction of
a multiplicative Gaussian spatial wave packet, G(Az, At,
Viy Og):
PWP(AJ}’ At7 mi7 U’i? Uw)
= G(Ax, At,v;, 0,)P(Ax, At,m;),
where P(Ax, At,m;) is given in (6) and
G(Ax, At, v, 04)
Az — v, At
= (vV2ro,) "% exp [ (x ! ) ] . (51)

20,

(50)

In this formulation the intervals Az and At are assumed
to be the same for all mass eigenstates, so that the equal
velocity hypothesis is tacitly introduced. To calculate the
oscillation phase, ¢}5" an integration over the transit time
in the range —oo < At < oo is performed, leading to the
result [12]

E,—-FE
= [U — (¢ —pz)} L, (52)
where
2,2 2 2
. v+ 1 /m7i m; 4
0= =1—=-|—5+—|+0(m"). 53
NGB ) ot

It may be noted that the effective average velocity v is
lower than that of either mass eigenstate. This is presum-
ably due to the contribution of the unphysical* negative
region in the integration over At. Using the relation

2

m*
Ei=pi+ -
2pi

Equation (52) may be written

+ O(m*). (54)

WP
12

1 /m? m%)} { 1 (m% m%)]
pL—p +(— 1+ - (o + 12
H(l 2) 5 pr P2 2\pi 3

— (p1 —p2)} + O(m*)

1 /m2 m2 — m?  m2
- [ (1_2)+(M1’2)<21+22)]L
2\p1 P2 2 pi D3

+0(m*)

2

(mi _,m%)

2p

L+0(m"), (55)

4 Note that the Gaussian variation of At, for fixed source—
detector distance At = L, assumed in this calculation, is at
variance with the known space-time structure of the decay and
detection events, i.e. an exponential distribution of decay times
followed by a mass dependent propagation time At;
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where (11) has been used to write p; in terms of pg and
m;. The “wave-packeted” propagator thus gives the same
oscillation phase at O(m?) as the unmodified invariant
plane wave propagator when the same equal velocity hy-
pothesis is made. In both cases important O(m?) terms
are neglected in comparison with the exact calculation.

In a more elaborate recent calculation [13] where wave
packets are associated not only with the neutrinos, but
also with all particles participating in the production and
decay processes, a formula for the phase increment iden-
tical to (50) was obtained except that the width of the
spatial wave packet o, is replaced by a parameter n that
depends on the widths of the wave packets of all partici-
pating particles. Since the oscillation phase (52) does not
depend on this parameter the same “standard” result is
obtained as in [12]. The results obtained with different
mean velocities, T given by (14)—(17) and ¥ given by (53)
are the same. Indeed, it is clear from the derivation of (55)
from (52) that a mean velocity (v) defined by any formula
of the type

am? + Bmimso + ym2
e LA 4 omt)

(v) =1- (56)

where «, 8 and «y are arbitrary coefficients of order unity,
will yield the result (55). However, in the derivation of
the same formula in (20) and (21) this result requires that

m = (my + ma)/2. If instead the value m = \/m? + m3,
suggested by (53), is used, then a different result is ob-
tained:

P12(D) = ¢15(D)
_ (m1 —ma)(y/mf + m3)L +0(m*). (57)

B p

Thus, unlike in the case of the invariant plane wave, the
wave-packet treatment gives inconsistent results for the
oscillation phase in the neutrino centre of mass and labo-
ratory systems.

4 Independent temporal or spatial propagation

Many descriptions of neutrino oscillations (especially con-
cise presentations in review articles concerned mainly with
the description of experimental results, or theoretical mod-
els of neutrino masses) do not use a Lorentz invariant de-
scription but consider instead independent temporal (TE)
or spatial (SE) evolution of the wavefunctions of the neu-
trino mass eigenstates. It is in this way that the standard
formula for the oscillation phase of (5) was first derived
in [2]. A simple Schrédinger time evolution is used giving
the temporal propagator
PTE(At, mz) = Po exp [71E2At] 5 (58)
or
A¢;(TE) = E; At. (59)

To relate the time interval At (assumed to be the same
for both neutrino mass eigenstates) to the experimentally
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measured source—detector separation L, it is further as-
sumed that the neutrinos are ultra-relativistic and so move
at the speed of light, i.e. At = L. To derive the oscillation
phase the eigenstates are then assumed to have equal mo-
mentum, p,, but different energies. As first pointed out
in [14] this assumption is in contradiction with energy-
momentum conservation in the decay process. This is eas-
ily seen by inspection of (11) and (12) above. Indeed, the
violation of energy-momentum conservation is an O(m?)
effect. Still, making this assumption,

_ m; 4
Ei =Pv + 2py + O(m )a (60)
so that (59) gives
$12(TE) = Ad1(TE) — Ao (TE)
_ (mi-mi)L +O(m). (61)

2py

This calculation is wrong, firstly because it does not re-
spect Lorentz invariance and secondly because the kine-
matical approximations made (neutrinos of equal momen-
ta moving at the speed of light) neglect important O(m?)
terms, as can be seen by comparing the exact expression
of the temporal part ¢12B(T) in the laboratory system of
the Lorentz invariant oscillation phase in (48) with (61).

Returning now to the question of the compatibility of
(58) with special relativity, such a formula is a reasonably
good approximation to the exact, Lorentz invariant, result
in the non-relativistic (NR) limit where p; < m;. In this
case

LAB m; P
AP = man =" (10 ) e
Di m;
so that, up to a fractional correction p?/m?, the non-

relativistic result is the same as the exact one (10), and the
same result, (26), is obtained for ¢15. The different value
obtained in (61) evidently is a consequence of the “equal
time” assumption At; = Aty = At, which results in the
neglect of important O(m?) terms. It should be stressed
that the use of (61) or (62) to describe ultra-relativistic
neutrinos is wrong in just the same way that the use of the
non-relativistic formula for the total energy of a particle,
E =m+T, where T = mv?/2, is wrong when v ~ 1.

Other authors [11, 15, 16] motivated by the correct
observation that flavour oscillation experiments actually
measure quantum interference effects as a function of
space, not time, have proposed to describe neutrino os-
cillations in terms of only a spatial evolution of the wave-
function:

Psp = Py explip; L], (63)

or
A¢;i(SE) = —pi L. (64)

Now, making the additional assumption (incompatible
with energy-momentum conservation in the decay process)
of equal energies, F,,, so that

2
my

4
ZEV +O(m )’

Di = El/ - (65)
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(64) gives
¢12(SE) - A¢1(SE) - A¢2(SE)
_ (m% - m%)L 4
= T +O(m*)
=, +0(m?), (66)

in agreement with (61). As in the case of independent time
evolution, (64) is wrong, firstly, because it does not repect
Lorentz invariance, and secondly kinematical assumptions
are made (equal energies and different momenta) leading
to a result differing by O(m?) terms from the spatial part
of the exact invariant result, as can be seen by comparing
(66) and (49). Unlike for the case of time evolution, there
is no kinematical domain in which an equation similar to
(64) is a good approximation. It is tantamount to perform-
ing a kinematical calculation with 4-vectors, the temporal
components of which have all been arbitrarily set to zero.
In all cases it yields a very bad approximation. Actually, to
derive (63) [11,15,16] the Lorentz invariant plane wave was
written down and equal velocities, i.e. At; = Aty = At, as
well as equal energies were assumed for both mass eigen-
states so that the temporal contributions cancel exactly
in the interference phase. This is equivalent to assuming
the purely spatial propagation of (63). The physical ar-
guments given in [11,15,16] to justify the equal energy
hypothesis are further critically examined in Sect.6 be-
low.

It should be noted that both the TE and SE hypothe-
ses contain a further internal contradiction, different from
that of the equal velocity hypothesis discussed in Sects. 3
and 4 above. In the latter, the correct values of E; and
pi, as given by energy-momentum conservation, are as-
signed in the plane wave propagator; only the geometri-
cally inconsistent values At; = Aty = At are assumed.
For the TE and SE hypotheses, not only are the values of
At; inconsistent with the relation At; = L/v; = LE;/p;,
but energy-momentum conservation is also violated by the
“equal momentum” or “equal energy” hypotheses. The
latter assumptions, however, only generate shifts of O(m?)
in the oscillation phase as compared to the result obtained
assuming exact energy-momentum conservation.

5 The quantum mechanics
of flavour oscillations

In this section, a general discussion of the underlying prin-
ciples of flavour oscillation calculations in the Feynman
path amplitude formulation of QM is first given before de-
riving the oscillation phase for a simple two-flavour prob-
lem with the source particle at rest. More refined calcula-
tions performed in a similar manner may be found in [3].

After the pioneering conceptual work of Planck, Ein-
stein and Bohr, QM was formulated in several indepen-
dent ways; most importantly, this was done by Heisenberg,
Schrodinger and Feynman. The Heisenberg (matrix me-
chanics) and Schrodinger (wave mechanics) formulations
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originally competed for the description of atomic physics.
However, the greater similarity with classical physics, the
less abstract nature and superior calculational power of
the wave mechanics approach resulted in this soon being
adopted as the standard one, both in atomic physics re-
search and in text books on non-relativistic QM. Wave
mechanics is particularly well adapted to subjects such
as atomic, molecular and nuclear physics, where the so-
lution of bound state problems plays an important role;
a domain that may be called “quantum statics”. In the
present writer’s opinion it is, however, less well suited to
“quantum dynamics”, where predictions concerning mea-
surements of events at different space-time points are re-
quired. Flavour oscillation experiments are of just this lat-
ter type. The formulation of QM most naturally adapted
to such problems is the Feynman path integral.

The story of this approach is really that of the re-
introduction of space-time into microscopic physics after
the quantum revolution of the early 20th Century. Bohr
declared in his “Copenhagen interpretation” talk at Lake
Como [17] that space and time were outmoded classical
categories in the quantum world °. The first important
step in the direction of the rehabilitation of space-time
was Dirac’s seminal paper on the Lagrangian in QM [18],
that was the basis Feynman’s formulation of the princi-
ples of QM specifically in terms of probability amplitudes
corresponding to particles moving in space-time [4,5]. The
essence of this approach is contained in a single formula,
the importance of which, for a fundamental understand-
ing of QM, had already been stressed by Heisenberg in
1929 [19]:

2

Por =331 (fmlbn) . (Ralka ) (R [ir)
m k

n ko k1

(67)
This equation gives the probability of transitions between
a group I = ), 4; of initial states and a group F' =3 fn,
of final states. The use of this formula to describe a quan-
tum experiment requires knowledge of both the initial
(prepared) and final (measured) states. Indeed, the cor-
responding quantum experiment is defined by the experi-
menter’s choice of these states. Only when they are spec-
ified is a meaningful comparison of theory with exper-
iment possible. Since typical experimental conditions do
not permit one to either prepare or measure a single quan-
tum state, the (incoherent) sums over ! and m in (67)
are necessary. These sums are defined by purely experi-
mental criteria (detector sizes or resolution) and are un-
related to microscopic, quantum level, parameters. The

® In [17], Bohr wrote “Notwithstanding the difficulties which,
hence, are involved in the formulation of the quantum theory,
it seems, as we shall see, that its essence may be expressed
in the so-called quantum postulate which attributes to any
atomic process an essential discontinuity, or rather individual-
ity, completely foreign to the classical theories and symbolised
by Planck’s quantum of action. This postulate implies a re-
nunciation as regards the causal space-time co-ordination of
physical processes”
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states |kp)...|ka), |k1) (of which, in the detailed descrip-
tion of any actual space-time quantum experiment, there
are, actually, a multiple infinity) represent unobserved in-
termediate states. In the case of particle trajectories in
space-time, described by space-time coordinates, x;, of in-
terest for the present discussion, the phase to be assigned
to any given path amplitude, say, {fm|zn)...(x2|z1){x1]|i;)
is given by the corresponding classical action divided by .
That is, the integral of the classical Lagrangian (divided
by %) along the classical particle trajectory corresponding
to the sequence of space-time points z1,xo, ..., x, where
t; <tg < ... <t,. An important feature of (67) is that in-
terference occurs only between amplitudes corresponding
to different unobserved intermediate states, never between
different initial and final states.

For the flavour oscillation problem, the general path
integral formula (67) may be simplified considerably. The
initial and final states correspond to the space-time posi-
tions® of the source particle and the detection event. As
the particles propagate over macroscopic distances, in free
space, they follow classical (straight line) trajectories. The
corresponding Feynman path integral then reduces to a
Green function, or propagator, that is the Fourier trans-
form of the well-known momentum space propagator of
a free particle in quantum field theory. The explicit, gen-
eral, expression for the invariant space-time propagator
of a fermion was given in one of Feynman’s early pa-
pers on QED [20]. More recently, it has been rederived
directly, from the covariant path integral, for an arbitrary
massive particle, by Mohanty [21]. Apart from solid angle
correction factors, that are not relevant to the conven-
tional 1-dimensional discussion of flavour oscillations, the
propagator for on-shell particles, or for virtual particles
over macroscopic time-like invariant intervals such that
c¢AT > 1/mp (where mp is the pole mass of the parti-
cle) is given, for a stable particle’, up to constant fac-
tors, by the simple expression exp(—impA7). This means
that it is mathematically identical to the “Lorentz invari-
ant plane wave” of (6). However, its physical meaning: a
Green function that gives the amplitude for a particle to
be found at a given space-time point, when, at some prior
time, the particle was situated at another, well-defined,
spatial position, is quite different to that of the “plane
waves” (energy-momentum eigenstates) of conventional
Schrédinger-Born wave mechanics. The latter, interpreted
as wavefunctions according to the Born prescription, are
not square integrable, and so are devoid of any informa-
tion concerning the position of the particle. In the case
of flavour oscillation experiments, on the other hand, the

5 In the following, quantum states will be specified in “space-
time” rather than in “configuration space” as is conventionally
done. The latter definition is convenient when describing, say,
the spatial wavefunction of a bound state, such as the hydro-
gen atom, which requires 6 spatial coordinates for its complete
specification. However, flavour oscillation experiments relate
events at different space-time, not configuration space, posi-
tions

7 An unstable particle is described by adding a negative
imaginary term to the pole mass: mp — mp — il'/2
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experimental knowledge that can be obtained concerning
the position of the propagating particles, once they are
created by the decay process, is essentially classical, i.e.,
unaffected by uncertainties of a purely quantum mechani-
cal nature. The meaning of this remark will be clarified by
a concrete example to be given below. In fact “quantum
uncertainty” as manifested in the Heisenberg uncertainty
relations results only in the uncertainty in the time at
which the propagating particle is produced by the unsta-
ble source particle. The associated spread in the physical
mass of the source particle, and of any unstable recoil par-
ticles, then produces, via energy-momentum conservation
in the decay process, momentum or velocity smearing of
the neutrino mass eigenstates.

To take a specific example, consider the decay of a
pion at rest: 7+ — ptv;. As the pion is unstable, it has,
in general, a physical mass W that is different from the
most likely physical mass, the pole mass, m . Similarly,
the physical mass W, is different from the pole mass m,,.
The Breit—Wigner widths, I', of the physical mass distri-
butions are related to the particle mean lifetimes, 7, by the
energy-time uncertainty relation I'r = 1. Since the initial
state of the path amplitudes, that of the source pion, is
the same in all path amplitudes, the kinematical effects of
the non-equality of W, and m, will be the same for all
path amplitudes, i.e. the resultant velocity smearing of the
neutrinos is incoherent. On the other hand, since the recoil
muon is unobserved, its physical mass may be different in
the paths corresponding to different mass eigenstates. The
corresponding Breit—-Wigner amplitudes will then create
a coherent velocity (or momentum) wave packet for each
eigenstate. This is a simple application of (67). The spa-
tial trajectory, for fixed momentum, p, yielding the path
amplitude

(68)
is replaced by the sum of path amplitudes (path integral):

PI= ZPA(I = Z<fm|xn,pq>"'<x2;pq‘xlypq><z1,pq|il>'
q q

(69)
As shown in [3], the effect of such wave packets on the os-
cillation phenomenon is minute, in particular for the case
of pion decay, as well as for neutrino oscillation experi-
ments in general. As discussed below, it may, however, be-
come more important for quark flavour oscillations where
the spread in the physical masses of the propagating par-
ticles is of the same order as their mass difference.

All the relevant constraints imposed by the Heisen-
berg uncertainty relations have been taken into account
in the above discussion. In particular, as will be consid-
ered in more detail in the following section, there is no
“spatial wave packet” associated with the neutrinos, and
the possibility (or not) of interference between the path
amplitudes does not depend upon the existence (or not)
of such a hypothetical spatial wave packet. The momen-
tum wave packet referred to above is not related, by a
Fourier transform, to any spatial wave packet with sim-
ple physical properties. The muon is an unstable parti-
cle with an exponential decay law and mean lifetime 7,,.

PA = (fm|2n, p)...(x2, plT1, p) (21, Pli1),
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The Fourier transform of this exponential yields, in energy
space, a Breit-Wigner amplitude with width parameter
I, = 1/7, that describes the distribution of the physical
mass, W,,, of the muon. Using energy-momentum conser-
vation, the corresponding spread in W, generates a spread
in the momentum and energy of the neutrino. This spread,
weighted by the Breit—-Wigner amplitude, generates the
momentum wave packet referred to previously. Taking the
Fourier transform of the Breit—Wigner amplitude will give
back the original exponential decay law, not a spatial wave
packet.

The irrelevance of the momentum—space uncertainty
relation to the problem under discussion is demonstrated
by applying it to the neutrino momentum wave packet in
pion decay just discussed. With Ap, = m,I},/mx [3] the
corresponding spatial uncertainty is Az, = 1.27 km. Does
this give a limit on the possible knowledge of the spatial
position of the neutrino? By measuring the time of decay
of the pion through detection of the decay muon, with
the easily obtained precision of 107'%s, the subsequent
position® of the neutrino is known with an uncertainty
of ¢ x 10710 = 3cm, since the speed of light is precisely
known. The known uncertainty in the position of the neu-
trino is then a factor 4x10% smaller than Az, as calculated
from the uncertainty relation. The latter evidently has no
relevance to the actual or possible knowledge of the spatial
position of the neutrino. Except for the spread in decay
times of the parent pion (described by the energy-time un-
certainty relation) there is then no “quantum uncertainty”
on the position of the neutrino. Once created, its position
can be known with classical precision.

The final state in (67), in its application to flavour
oscillations, is the spatial wavefunction of the detection
event. At the microscopic level, this can be considered
as localised to within an uncertainty given by the spa-
tial wavefunction of the target particle, which is of atomic
dimensions (say 1078-10~7 ¢cm). This, however, does not
reflect the experimental knowledge of the position of the
detection event, that is limited, by considerations of ex-
perimental resolution, to the group of states F' in (67). In
a typical experiment, the experimental resolution might
be of the order of a centimetre, seven or eight orders of
magnitude larger than the microscopic localisation of the
target particle. Thus, to a very good approximation, the
states | f,,) can be assumed to be spatial eigenstates. The
correction for the actual distribution of detection events
is then included by performing a suitable average over the
oscillation probability, as the contribution of different final
states is incoherent, requiring classical addition of prob-
abilities. An exactly similar argument applies to the ini-
tial states |i;) corresponding to the spatial position of the
source particle at some well-defined time. These states also
can be assumed, for calculational convenience, to be spa-
tial eigenstates. It is important to stress that this does not
imply that the momentum uncertainty of the source par-
ticle is infinite (inconsistent with the assumption that it is
at rest). This is a gross misinterpretation of the meaning of

8 It’s direction can be determined by simultaneous measure-
ment of the direction of the decay muon



314

the momentum-space uncertainty relation. Consider the
case that the source particle is bound in an atom. The
actual quantum positional uncertainty, at the time chosen
to define the initial state, could be included by writing
its spatial wavefunction explicitly in the path amplitude.
However this distance is so much smaller than the exper-
imenter’s actual knowledge of the position of the source,
which is all that matters to accurately evaluate Pry, that
it is evident that the same result will be obtained if, for
simplicity, a spatial eigenstate is assumed for the source
particle. In an analogous way, energy-momentum eigen-
states are conventionally assumed for all initial and final
state particles in the momentum space calculatation of
invariant amplitudes in quantum field theory. This in no
way affects the correctness of the results obtained. A naive
application of the momentum—space uncertainty relation,
as done above for the path amplitude calculation, to this
case would imply an infinite uncertainty on the space-time
position of the scattering event or decaying particle. Ac-
tually the space-time parts of the wavefunctions of the
incoming and outgoing particles play no role in a momen-
tum space calculation except for imposing the constraints
of exact energy and momentum conservation. If this is as-
sumed ab initio the space-time parts of the wavefunctions
can be omitted completely without changing the results
of the calculations.

Of course, in any actual experiment, the source par-
ticle is not at rest. If it is negatively charged and forms
an atomic bound state it will have some Fermi motion. If
it is positively charged, and remains unbound, it will be
subject to random thermal motion. Corrections for these
effects can be included in the calculation of the oscillation
frequency by a suitable averaging procedure. Since they af-
fect only the definition of the group I of initial states, these
corrections are incoherent, and, just as in the case of the
positions of the source particle and detection event, the
averaging must be done at the level of probabilities, not
amplitudes. In fact averaging the source momentum dis-
tribution at the amplitude, rather than probability, level
will result in the generation of a spurious “momentum
wave packet” with parameters characteristic of the initial
momentum wavefunction. As discussed in the following
section, just such a mistake has been made in many pa-
pers on the QM of neutrino oscillations in the literature.

Before defining the intermediate states |k;) in (67) for
the case of lepton flavour oscillations, it is important to
consider the nature of the decay process in which the neu-
trino mass eigenstates |v;) and |v5) are produced, as al-
ready mentioned in Sect.1. In the standard electroweak
model, these states are created by diagrams containing
real or virtual W bosons. In the case that neutrinos are
massive, and the different eigenstates have different
masses, there is a non-diagonal, unitary, flavour /mass mix-
ing matrix, the MNS [9] matrix, that is strictly analogous
to the better-known CKM [10] quark flavour/mass mixing
matrix. The existence of such a non-diagonal matrix im-
plies that lepton (or generation) number is not conserved
in transitions in the lepton sector just as generation num-
ber is not conserved in the quark sector because of the
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non-diagonal nature of the CKM matrix. For example,
the decays

at = (WH* = utv, 70 = (WH* = utw,  (70)
where (W™1)* denotes a virtual WT boson, are strictly
analogous to the quark sector processes, where an on-shell
W boson decays into quarks:

Wt =3, W' —cd, (71)
in which the first (second) transitions in (71) are Cabibbo
allowed (suppressed). The neutrino mass/flavour mixing
angle 6 in Table 1 plays the same role in(70)as the Cabibbo
angle 6, in (71). Note that the u* in (70) and the ¢ quark
in (71) are both second generation particles, whereas the
decay antiquarks are either first or second generation. This
suggests that the neutrino mass eigenstates should also be
associated, as are the quark mass eigenstates, to different
generations. Just as the W decays in (71) are independent
physical processes, so also are the pion decays in (70). This
has the important consequence, for the following discus-
sion, that |v1) and |v2) may be produced at different times
in the corresponding path amplitudes. As will be seen, this
leads to an important new contribution to the oscillation
phase. The incoherent nature, as in (70) above, of decays
into different mass eigenstates has been previously pointed
out by Shrock [7,8].

What has been assumed until now in all discussions of
the QM of neutrino oscillations in the literature is that lep-
ton number is conserved in pion decay, so that the unique
physical process is 7+ — p*v,,. Thus the “flavour momen-
tum eigenstate” |v,) is assumed to be produced at a fixed
time. It is then rewritten, at this time, in terms of |v)
and |vo) using the mixing amplitudes given in Table 1.
These mass eigenstates subsequently evolve in time ac-
cording to the different propagators discussed in Sects. 2,
3 and 4 above. The present writer’s opinion is that this
procedure is wrong. If neutrinos of different generations
have different masses, lepton number cannot be conserved
at charged current weak vertices, just as, in the quark sec-
tor, generation number is not conserved at such vertices.
The non-existence of a consistent theoretical description
of “flavour momentum eigenstates” has been previously
stressed in the literature [22]. Once the incoherent nature
of, for example, the two processes in (70), is recognised, it
will be seen that the conceptual problems that have be-
set the treatment of the QM of neutrino oscillations in
the past, as evidenced by the many kinematical and ge-
ometrical inconsistencies discussed above, all disappear.
The neutrino oscillation phenomenon occurs even when
the constraints of both exact energy-momentum conserva-
tion and space-time geometry are imposed. The latter is
simply the condition that the source particle is defined and
the detection event observed, each at a unique space-time
point, and that both the source particle and the neutrinos
follow classical space-time trajectories that, together, link
these two points.

The detailed application of (67) to the derivation of
the oscillation probability for a simple two-flavour prob-
lem, with the source at rest, will now be discussed. A
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specific example is given by “v, — v.”? oscillations fol-
lowing the decay, at rest, of a w+. The initial state cor-
responds to the undecayed source particle, assumed to be
at rest (or to have, in any case, a very small and random
Fermi or thermal motion), at some arbitrary time tq. At
later times ¢1 or t5 the source particle may decay into the
eigenstates |v1) or |vo) respectively. These two possibilities
are, of course, in classical physics, mutually exclusive. In
QM however, as the two different decay modes are indis-
tinguishable, when only the detection event is observed,
the corresponding amplitudes, not probabilities, must be
added. The final state corresponds to the detection event,
which occurs at time tp at distance L from the source, and
which may be produced by an interaction of either of the
(indistinguishable) neutrino mass eigenstates with a par-
ticle of the detector. Suppose now that m; > msy. Since
either neutrino mass eigenstate may create the detection
event, and since vy > vy, it follows that t5 > t1.

The different quantum states in (67) may now be iden-
tified. The initial state is |S;, to) where S denotes the source
particle. The label [ corresponds to different source posi-
tions in the experimental apparatus, as well as, possibly,
small random momenta of the source particle. The source
wavefunction then propagates in time (but not in space)
over the interval tg < t < t;. This evolution is described,
in the case of a source particle of mass mg and decay
width I'g, by the Feynman invariant space-time propaga-
tor [20,21]

(St 14]S1, to) = exp K—ims - I;S) (ri — TO)} . (12)

(source particle of mass mg)

where 7; and 7 are the proper times in the rest frame of
S corresponding to the laboratory times t; and ty. For the
case of a source which is a (-radioactive nucleus, where
the decay process is more appropriately described by non-
relativistic quantum mechanics, the source propagator is

Is

(S1,t:|S1,t0) = exp |:<iEg - 2) (ri — TQ):| , (73)

(8 decay of a nucleus)

where, neglecting the recoil energy of the daughter nu-
cleus, Eg is the total energy release in the 3 decay process.
The formula (73) may be derived in the same way as the
analogous one for a radiative transition in atomic physics,
by the use of perturbation theory and the time depen-
dent Schrodinger equation [23]. The appropriate ampli-
tude to describe the 8 decay transition is then the matrix
element (Ny|T|N;) where N; and Ny denote the parent
and daughter nuclei respectively. Since these are in en-
ergy eigenstates the Schrodinger equation predicts that

9 3

“vy, — ve” is only a shorthand notation to indicate that a
muon is involved in the production process and that a electron
is observed in the detection event. This notation is used, with-
out quotes below, as is conventional. It should, however, not
be forgotten that v, and v. do not exist as physical particles
if neutrinos are massive
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they evolve in time as |N;,t) = |N;, to) exp[—iFE;(t — to)]
(j =14, f). It follows that

Ny, t{TINi, 1)
= <Nf, to|T|Ni, t0> exp[—i(Ei - Ef)(t - to)]

>~ <Nf,t0‘T|Ni,t0> exp[fiEg(t - to)], (74)
where, in the last member of (74), the recoil energy of
the nucleus Ny has been neglected. In the path amplitude
formalism, (Ny,to|T|N;,to) may be considered as a time
independent amplitude (the same in all interfering path
amplitudes) while the exponential factor in (74) represents
the propagator of the parent nucleus. It is assumed, for
simplicity, in (74) that t —tg < 1/I's. For a source at rest
where ¢ = 7, (74) leads to (73). It is interesting to note
that, if V; and Ny in (74) are replaced, for pion decay,
by the quark degrees of freedom, via the correspondences
|N;) ~ |7) and |[Ny) >~ |0), where |0) denotes the vacuum
(zero energy) state of the quark sector, then the rest frame
pion propagator is predicted by (74) to be exp[—im,AT],
in agreement with the Lorentz invariant Feynman space-
time propagator of (72) above.

The source particle then decays into a final state con-
taining v; with the time independent amplitude

A(i = 8) = (ila)(a|T|S1)

= (iTS). (75)
In the first line of (75), the neutrino mass/flavour mix-
ing amplitude is shown explicitly. However, as explained
above, like the elements of the CKM matrix, this ampli-
tude is an intrinsic part of the charged current coupling,
so that the amplitudes A(1 < S) and A(2 < S) describe
independent physical processes. Thus there is no reason
for the assumption t; = t5 that has been made in essen-
tially all discussions of the QM of neutrino oscillations in
the literature to date.
The third element in the path amplitude is the invari-
ant space-time propagator of the neutrino [20,21]
<i,$D7tD|i,l‘i,ti> = exp[—imi(TD —Ti)]. (76)
The fourth and last element in the path amplitude is
the time independent amplitude of the detection process

A(d i) = (dm|T|B)(8]0)

— ([T, (77)
where the label m specifies the spatial position of the de-
tection event, as well as possibly the directions and ener-
gies of the particles, in the final state of the event, that
are detected.

The path amplitudes are then given by combining (72)
or (73), (75), (76) and (77):

Ai(B+ a)= (78)
(dm|T|B){B12) (i, wp, to i, i, t3) (tla) (@] TS1) (Si, £:[St, o)
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The phase increment Ag¢; can be read off directly from
(72) or (73) and (76):

Ap; = m;(tp — 1) + Es(1i — 70), (79)

where By = mg or Eg for unstable particle or nuclear 3
decay sources respectively. Now,

t; —to

=t; — to + O(v3
o o+ O(vg)

T —To =

L
=1ip —tg — ;+O(’U§) (80)

"] L 0®2) + O(m)
QP% 'US m s

:tD—tO—L{l—i-

so that, using (10) and (80), (79) may be written (neglect-
ing any random motion of the target) as

mf ES 4
Ap; = 1— —| L+Es(tp—tg)—EsL+0O(m*), (81)
Po 2po
giving for the oscillation phase
Am2 ES
b :{1—]L+Om4, 82
27 o 2po () (82)
where
Am? =m?2 —m2. (83)

It can be seen that, in addition to the contribution due
to neutrino propagation, first given by Gribov and Pon-
tecorvo (the first term on the RHS of (82)), there is also
an important contribution due to the propagation of the
source particle during the time interval ¢; < t < t,. For
example, in the case of pion decay at rest, Es/2py =
my/2po = 2.34, so that the oscillation phase is 34% larger
than the Gribov and Pontecorvo result and a factor 2.68
times larger than the prediction of the standard formula.
In order to calculate the oscillation probability, from fla-
vour « to flavour 3, at the fixed source—detector separa-
tion, L, the probability corresponding to the sum of the
amplitudes in (78) must be integrated over the detection
time tp. For this, it is convenient to introduce the times-
of-flight ¢, ¢ of the neutrinos:

m?2
t?tDtiL{qu 12] + O(m*); (84)
2p;
then
Pso = / |A1 + A2|2dtD
tmin
— |{dm|T|8) (| T[S1) 2
x [ et (gl o) e
tmin
+ ((B12)(2la))%e 5 1 2(B]1)(1]a)(8]2)(2]e)
2
x er( ? ) cos 2 <ES - 1) L|dtp.  (85)
Po 2po
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tmin takes the values to + ti, to + t and to 4 ¢! for the
squared amplitudes for neutrinos of masses mi, mo and
the interference term respectively, where it is assumed that
my > Mo, so that tﬁl > tg The tp integral cancels the time-
of-flight dependence of the squared amplitude terms and
gives a factor exp[—Is(t] —4)/2] multiplying the interfer-
ence term. Thus, using (84) the following time-averaged
oscillation probability is obtained:

dm|T|8) (| T[S1)[?
Is

x [((BI1)(1e)® + ((Bl2)(2]ar))
+2(8[1) (1) (5]2)(2]a)

2 2
X exp (—TS AmzL) cos Am (ES — 1) L] . (86)
4pg Po \2po
In all conceivable neutrino oscillation experiments the ex-
ponential damping of the interference term is very small.
Since observation of the oscillation requires the argument
of the cosine in (86) to be of order unity, i.e., Am?/py ~ 1,
the damping term is typically ~ exp(—Is/4pp). In the
case of pion decay, where I'y = 2.5 x 107 MeV, and
po = 29.8 MeV, the damping factor is ~ 1-4.1 x 10716,
For Am? = (1eV)?, the distance L, in pion decay at rest,
is 1.9 x 10'%m or 2.0light yr for 50% damping of the in-
terference term.

Two important special cases of (86) are P, as, for
example in v, — v, oscillations following 7" decay (ve
appearance) and P, as in v, — v, following 8T decay
using a nuclear reactor as a source (v, disappearance).
Neglecting the exponential damping of the interference
term, and using the flavour/mass mixing amplitudes in
Table 1, the following predictions are obtained

dm|Te){u|T|S1)|? sin? 6 cos? 6
Is

2
x[l—cosAm (mﬂ—l)L],
Po  \2po

[(dm|T|e) (el T|S1)[?
Is

P, _ I

P = ol

(87)

Pee:

[sin4 0 + cos* 6

2

Am (Eﬁ - 1) L] . (88)
Po \2po

The derivation of (86) has neglected velocity smear-
ing of the neutrinos due to the finite decay widths of the
source, and also possibly, the recoil particles. These ef-
fects have been estimated for the case of pion decay (us-
ing a Gaussian approximation for the Breit—Wigner am-
plitudes) in [3]. They are found to be more than ten orders
of magnitude smaller than the already minute correction
term for lifetime damping discussed above. Corrections to
(86) due to finite experimental source and detector sizes,
as well as the effect of thermal motion (for a positive pion
source) are also calculated in [3].

An extended discussion of the application of the Feyn-
man path amplitude method to flavour oscillations of neu-
tral kaons and B mesons will be presented elsewhere [24].

+ 2sin® 6 cos? 6 cos
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Here, only a few remarks on the salient differences with
respect to neutrino oscillations will be made.

(i) Because of the very small fractional mass differences
between different neutral kaon and B® meson mass eigen-
states [25]:

A K1) — m(K;

mi _ mEL) ZmKs) oo (g9
mgo mgo
A By) — m(B

mp _ mBu) =mBL) _5q. q0-14 (90
mpo mpo

The Lorentz-y factors relating the proper time and lab-
oratory times of the mass eigenstates are then equal to
within the fractional differences quoted in (89) and (90).
Thus, unlike for the case of neutrinos, the “equal velocity”
hypothesis, discussed in Sect. 2 above, is expected to be a
good kinematical approximation.

(ii) The unobserved propagating particles Kg, K1, and By,
By are unstable, with decay widths that for Kg, By, and
By are of the same order as the mass differences:

Is
= 2.10 91
G = 210 (1)
I,
= 0.037 92
AmK ) ( )
I'p, I'p,
= =1.37. 93
A’I’YLB AmB ( )

Unlike in the case of neutrino oscillations, where the natu-
ral widths of the source and recoil particles give only very
small variations of velocity, the decay widths of the Kg, By,
and By then produce velocity smearing effects of the same
order as the velocity differences resulting from the mass
differences. Such effects must then be taken properly into
account in the calculation of the flavour oscillation prob-
ability. However, because 17, < Ig, the natural width of
the Ky, may, in first approximation, be neglected. Includ-
ing correctly the kinematical effect of the physical mass,
W, of the propagating particles modifies the “on-shell”
expression (10) for the phase increment to

i E; Di

(94)

It is important to note that although, for example, the Kg
is significantly off-shell on the scale of Amg, the condi-
tion cAT > 1/Wy is still well satisfied in a typical flavour
oscillation experiment, so the off-shell Kg can still be con-
sidered to propagate as a classical particle according to
(94). Tt may also be remarked that the pole mass, m;, in
(94) results from the Fourier transform of the invariant
momentum space propagator, and so is constant for each
particle species, unlike the variable physical mass W;.

(iii) Unlike neutrinos which, in terrestrial oscillation ex-
periments, are produced incoherently as single quantum
states from a coherent source (an unstable particle or nu-
cleus) neutral kaons may either be produced incoherently,
in an incoherent interaction, such as 7~p — A(K1,, Kg) or
K~ p — n(Kp, Ks), or in correlated “entangled” states,
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from a coherent source, as in ¢ — Ky, Kg. To date, B°
mesons have usually been produced in entangled states
from coherent sources, for example Z — By, By X or 7(45)
— By, By.

Because of the points (ii) and (iii) above, the path
amplitude analysis of Ks—K7, and By—By oscillations is
more complicated than for the case of neutrino oscilla-
tions. The standard procedure, to date, in analysing ex-
periments, is to assume equal velocities (that seems in
view of (89) and (90) to be reasonable) so that, for exam-
ple, Am, = Arg = At and use the first member of (94),
together with the relation A7 = mgoL/pgo to give the
formula

m;mpgoL

Ap; = (95)

Pko
Setting mgo = (my, +msg)/2 in (95) gives, for the oscilla-
tion phase:
Amgmpgol  (my —mg)(my +ms)L
N 2pKD

oLs =

= pres . (96)
This is the same as the standard formula for neutrino os-
cillations, also derived on the basis of the equal velocity
hypothesis. At the time of writing, the author is not able
to comment on the correctness or otherwise, of (96).
Taking into account exact energy-momentum conser-
vation in the process 7~ p — A(Kp, Kg), but assuming
all particles to be on-shell, the authors of [26] obtained a
different formula to (96), and they predicted as well corre-

lated spatial oscillations in the decays of the neutral kaons
and the lambda.

6 Discussion

There are two essential differences between the work pre-
sented in the present paper and [3,6], and all previous
treatments of the QM of neutrino oscillations in the liter-
ature:
(1) the realisation that the different neutrino mass eigen-
states are produced in independent physical processes, not
as a coherent lepton flavour eigenstate, and
(ii) the assumption that, in the covariant Feynman path
amplitude description, the neutrino mass eigenstates fol-
low essentially classical space-time trajectories; there is no
spatial “wave packet” associated with their propagation.
Historically, as will be seen, the failure to notice (i),
leading to the universal assumption that the different neu-
trino mass eigenstates are produced coherently and at the
same time, required the introduction of a spatial wave
packet, since otherwise the neutrino mass eigenstates, pro-
duced at the same time and propagating with different
velocities could not produce the detection event at a well-
defined space-time point. Only, it was argued, by intro-
ducing the spatial “fuzziness” associated with the hypo-
thetical spatial wave packet would interference be pos-
sible. In the Feynman path description there is no such
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spatial “fuzziness”. The detection event can be produced
by the interaction of either (indistinguishable) neutrino
mass eigenstate with the target particle in the detector.
Since the space-time trajectories of the neutrinos are es-
sentially classical, with different velocities, this implies dif-
ferent production times for the neutrinos in the alternative
interfering amplitudes. In view of (i) and the long life-
times of typical neutrino sources different decay times are
allowed. This is the fundamental reason for the possible
occurrence of the oscillation phenomenon. The propaga-
tor of the source particle contributes to the path ampli-
tudes associated with each neutrino mass eigenstate, and,
as a consequence of the different decay times, gives an im-
portant contribution to the interference phase, as demon-
strated by the calculations presented in Sect. 5 above.

The important point (i) above was pointed out many
years ago by Shrock [7,8] but was never, to the author’s
best knowledge, applied before the work reported in this
paper and [3,6] to the neutrino oscillation problem. In-
deed, the contrary, incorrect, hypothesis of an initial “lep-
ton flavour eigenstate”, that is a coherent superposition of
different mass eigenstates, has, instead, been universally
assumed in the treatment of neutrino oscillations.

A brief historical review of the introduction of the
“wave packet” concept into the description of neutrino
oscillations will now be made. The first descriptions of
neutrino oscillations were based on plane wave propaga-
tors either (tacitly) covariant in the case of Gribov and
Pontecorvo [1], or, temporal only, as in the case, for ex-
ample, of Fritsch and Minkowski [2] who were the first
to derive the standard oscillation phase. The wave packet
concept in the context of neutrino oscillations was first
introduced by Nussinov [27], together with the idea of
a “coherence length” for neutrino oscillations. Nussinov
discussed the effect analogous to collision broadening of
atomic spectral lines for neutrino sources in the sun. Both
the “wave packet” and “coherence length” concepts are
related to a classical wave rather than a quantum mechan-
ical description of the associated phenomena. A source of
classical waves of finite duration will evidently produce a
wave-train of finite length. Fourier analysis of this spa-
tial wave-train will result in a spread in the momentum
of the associated plane waves described by a coherent mo-
mentum wave packet. This classical description does not
match the sequence of spatio-temporal phenomena under-
lying the line broadening effect as described by quantum
mechanics. Actually, the unstable source produces parti-
cles (photons or neutrinos) in a process that has a charac-
teristic time'® much shorter than the mean decay time of
the source. Interference effects will occur if some process,
initiated by a decay particle, can correspond to different
production times of the latter. In the case of, say, atomic
line broadening as observed in the interference-fringe con-
trast in a Michelson interferometer, this time difference
results from the different propagation times of the pho-
ton in the different arms of the interferometer. In the case
of neutrino oscillations, with a source at rest, it results

10 possible ways to experimentally measure such a “process
duration” time are discussed in [28]
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from different times-of-flight of the different mass eigen-
states over the same spatial distance. In both cases the
line broadening effect results from perturbation of the co-
herent source during the time interval between the two
emission times corresponding to the quantum interference
condition. Thus the fundamental physical parameter gov-
erning the interference damping is the effective lifetime of
the coherent source, due either to its spontaneous decay
rate or to collision processes. Nussinov correctly identi-
fied this parameter, 7.g, as the one controlling the damp-
ing of the oscillations, but then introduced a hypothetical
“spatial wave packet” of length c7eg. This is actually a
classical wave analogue of the series of spatio-temporal
quantum processes just described. As is well known from
atomic radiative transitions the classical wave and QM
calculation both lead to a Lorentzian line shape and so are
equivalent if only a description of the momentum distri-
bution of the produced particles is required ''. As shown
in the calculations in Sect. 5, a correct description of in-
terference damping requires the spatio-temporal sequence
of quantum events to be properly taken into account. This
is not possible in the classical wave description in which
a hypothetical spatial wave packet is introduced. It must
be stressed that in the quantum mechanical description
of atomic radiative transitions there is no wave packet
associated with photon propagation. The Fourier trans-
form of the exponential decay law of the initial atom pro-
duces a Lorentzian distribution in the energy of this atom.
When it decays by photon emission, energy conservation
then produces a smearing in the energy (or wavelength) of
the photon that reflects the energy uncertainties of both
the initial and final atoms. But the photon propagates
in space-time like a particle with velocity c¢. There is no
associated spatial, or momentum, wave packet. Indeed, a
photon is a particle and not a classical wave.

Krauss and Wilczek [29] who also estimated the ef-
fect of collision broadening on solar neutrino sources, al-
though also mentioning the wave packet description, un-
derstood that neutrino oscillations require different emis-
sion times in the interfering amplitudes: “Since these mass
eigenstates propagate with different velocities (for fixed
energy) the desired interference is between neutrinos emit-
ted at different times.” Actually, the mass eigenstates do
not have fixed energy (or momentum) but certainly have
different velocities, so that the above assertion concerning
the interference mechanism underlying neutrino oscilla-
tions is correct.

The first extended discussion of the QM of neutrino
oscillations in terms of wave packets was made by Kayser
[30]. In contradiction with the conclusions of Shrock pub-
lished in the previous year [7] the initial state of the neutri-
nos was assumed to be a superposition of mass eigenstates
with definite lepton flavour, and the propagating neutrinos

' This is only true as regards the mathematical form of the
line shape. The width of the distribution predicted by the QM
calculation depends on the lifetimes of both the initial and
final states, so there is in general no direct relation between
the line width and the length, c7es, of the analogous classical
wave packet
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were assumed to have equal momenta and different ener-
gies. Thus energy-momentum conservation is violated in
the neutrino production process. Kayser claimed that, in
order for the neutrino oscillation phenomenon to be pos-
sible, the uncertainty in the momentum of the neutrinos
must satisfy the condition

Ap, S )\AmQ

, 97
Py P2 ©7)

where A ~ 10-100. It was then proposed to realise this con-
dition by introducing a hypothetical coherent momentum
wave packet with a width consistent with the condition
(97). This condition was derived from the momentum-—
space uncertainty relation as follows: It was assumed that
the uncertainty, Az,, in the position of the neutrino is
related to its spread in momentum, Ap,, by the rela-
tion Az, Ap, > 1. The requirement AAx, = fus., Where
Losc is the neutrino oscillation length, then leads to (97),
it being assumed that if Az, ~ fl. it will be impos-
sible to observe neutrino oscillations. Although this lat-
ter condition is evidently correct if Az, refers to the ex-
perimental uncertainty in the observed position the neu-
trino detection event, it is easily shown to be completely
false if, instead, it refers to the theoretical uncertainty
calculated using the momentum-space uncertainty rela-
tion. For example, in the case of pion decay at rest the
width of the coherent momentum wave packet associated
with the spread in physical mass of the decay muon is
Ap = m,I,/m; = 2.3 x 10716 MeV. Taking A = 10,
Am? = (1eV)? and p, = 29.8MeV, (97) gives the limit
Ap,/p, > 1.1 x 107 as compared to the width of the
coherent momentum wave packet in pion decay at rest
of Ap,/p, = 7.2 x 10718, This is three orders of mag-
nitude lower than Kayser’s lower limit for the possibility
of neutrino oscillations, (97). Yet explicit calculation of
the corresponding damping of the interference term [3]
shows it to be completely negligible. As discussed in [3]
the momentum spread of the neutrinos due to smearing
of the physical mass of the decaying pion, or its thermal
motion, are much larger than that associated with the
physical mass of the decay muon. The two former sources
are, however, incoherent, and so have no associated wave
packets.

In fact, Kayser assumes that the mass eigenstates are
both produced and detected at the same times, i.e. the
equal velocity hypothesis is made, in contradiction with
the different velocities resulting from the equal momentum
and unequal energy hypothesis. This procedure is justified
by the hope that the effect of this logical inconsistency will
be annulled by the space-time fuzziness introduced by the
hypothetical wave packet: “ The wave packet treatment
eliminates the need to make some idealising assumption
by taking both momentum and energy variations properly
into account”.

The “idealising assumption” referred to is actually the
exact conservation of energy and momentum that is auto-
matic in all covariant calculations of decay or scattering
processes. The real purpose of the wave packet is, how-
ever, rather to enable the neutrinos, incorrectly assumed
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to be always produced at the same time, but separating
spatially due to their different velocities, to be detected at
the same time. This is clearly impossible when, as is in fact
the case, they move along essentially classical space-time
trajectories.

Like Nussinov, Kayser introduces a hypothetical spa-
tial wave packet of length ¢r where 7 is the lifetime of
the decaying state. This wave packet, which, as explained
above, is only a classical wave theory analogue of the fi-
nite source lifetime, does not exist in the QM calculation.
The Fourier transform of the exponential decay amplitude
yields a Breit-Wigner amplitude describing the distribu-
tion of the physical mass of the unstable source particle.
As discussed in the previous section, as this mass is a
property of the source particle, any resulting momentum
smearing of the produced neutrinos is then an incoherent
effect. The only coherent momentum smearing (yielding a
momentum, not a spatial, wave packet) is that associated
with the physical masses of any unobserved, unstable, re-
coil particles. Kayser then argues that the length of the
spatial wave packet must be much shorter than c7: “If we
are interested in a neutrino emitted at time ¢t = 0, but we
can learn only that the emitter was somewhere in a region
of length h, then the amplitude for the emission to have
occurred at t = 0 at the various points in this region must
be added coherently. Thus the neutrino wave packet will
have a length d ~ h.”

The false assumption is made that both neutrinos must
be created at the same time, ¢t = 0. It is then assumed, in
contradiction with (67) above, for the case of a neutrino
source at rest, that the amplitudes of neutrinos created
at different spatial positions must be added coherently. It
corresponds to performing the sums over m and [ in (67)
in a coherent manner, i.e. with > > inside the mod-
ulus squared. An extended criticism of this assumption
may be found in [3]. In Kayser’s interpretation the spatial
wave packet is needed to “delocalise” the neutrinos, that,
because of the assumption of a common production time,
become spatially separated due to their different veloci-
ties. In fact, the neutrinos can arrive at the detector at
the same time because they may be produced at differ-
ent times in the alternative histories corresponding to the
different path amplitudes. There is then no need for the
hypothetical spatial wave packet introduced by Kayser.
There are no physical parameters in the QM calculation
governing the size of such a wave packet. It does not exist
except in an analogous classical wave theory calculation.
The space-time structure of particle propagation cannot
be described by such a calculation.

Because equal velocities are assumed, i.e. that both
neutrinos are produced at one space-time point and both
detected at another, Kayser obtains the standard oscilla-
tion phase, a result shown to be unmodified [30] by con-
volution with a narrow momentum wave packet.

Ten years after Kayser’s paper on wave packets in neu-
trino oscillations the first of many papers where spatial
wave packets, as suggested by Kayser, were implemented
using Gaussian functions, was written by Giunti, Kim and
Lee [12]. This paper starts with the statement “If neutri-
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nos are massive particles and mixed, a flavour neutrino is
created by a weak interaction process as a coherent super-
position of mass eigenstates.”

This statement is in contradiction with the findings of
Shrock [7,8] that, if non-degenerate massive neutrinos ex-
ist, lepton flavour is not conserved by the weak interaction,
so that the different mass eigenstates are produced inco-
herently in different physical processes. It implies that,
as previously assumed by Kayser (and all subsequent au-
thors of papers on the QM of neutrino oscillations), all
neutrinos are produced at the same time. Therefore they
must satisfy the equal velocity hypothesis of Sect. 2 above,
and independently of the introduction, or not, of spatial
wave packets, or the assumption, or not, of exact energy-
momentum conservation in the production process, the
standard result for the oscillation phase must be obtained.

The introduction of [12] contained a list of issues that
it was claimed should be addressed in order to provide a
“complete” treatment of the QM of neutrino oscillations.
It is instructive to review this list from the perspective of
the work presented in the present paper and [3,6]. The
four issues were as follows.
(i) “A necessary condition for neutrino oscillations to oc-
cur is that the neutrino source and detector are localised
within a region much smaller than the oscillation length;
then the neutrino momentum has at least the correspond-
ing spread given by the uncertainty principle [30].”
(ii) “The energy-momentum conservation in the process in
which the neutrino is created implies that different mass
eigenstate components have different momenta as well as
different energies [14].”
(iii) “The different mass eigenstates must be produced and
detected coherently; this is possible only if the other par-
ticles associated with the production and decay processes
have energy-momentum spreads larger than the energy-
momentum differences of the mass eigenstates.”
(iv) “The wavefunction of the propagating neutrino must
be a superposition of the wavefunctions of the mass eigen-
states with proper coefficients given by the amplitudes of
the processes in which the mass eigenstate neutrinos are
produced.”

The following comments (C) may be made on these
points:
(Ci) The first sentence is trivially correct, but is unrelated
to the quantum mechanical aspects of the problem. The
last phrase, based as it is on the arguments of Kayser (see
(97)) is, as argued above, demonstrably without physical
foundation.
(Cii) This is indeed an essential ingredient of a correct
treatment, in QM, of neutrino oscillations. A corollary
is that the neutrinos, propagating over macroscopic dis-
tances, do so as classical particles [21]. This condition is vi-
olated by the universal equal velocity assumption of (17).
(Ciii) Properly interpreted, the first sentence is correct.
It means that the amplitudes describing the temporal se-
quence of events: (a) propagation of the source, (b) decay
of the source, (c¢) propagation of a neutrino mass eigen-
state and (d) production of the detection event must be
added coherently. It does not mean that the mass eigen-
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states are part of a coherent “flavour eigenstate” in either
the detection or production processes. The last phrase, as
shown explictly for the case of pion decay at rest in Sect. 5
above, is false.

(Civ) The “wavefunction” referred to here is presumably
a lepton flavour eigenstate propagating in space-time. As
previously pointed out by Shrock [7,8] and shown later
by Giunti, Kim and Lee themselves [22], such a state does
not exist.

The effect of the Gaussian wave packet introduced in
[12] on the oscillation phase is described in Sect. 3 above.
For a critical discussion of the “spatial coherence length”
and “momentum damping factor” generated by such wave
packets see [3]. The point of view, explained there, of
the present author is that, as the coherent spatial wave
packet from which they are derived does not exist, they
also are without any physical foundation. The oscillations
are damped by the source lifetime, as shown in (86), and
also by the width of the coherent momentum wave packet
associated with the different possible physical masses of
unobserved recoil particles produced in the production
process. As shown in [3], both effects are expected to be
vanishingly small in any forseeable neutrino oscillation ex-
periment.

An influential paper on the QM of heavy quark flavour
oscillations was written by Lipkin [11]. Similar ideas were
applied to neutrino oscillations in [15] and in an unpub-
lished pre-print [16]. The starting point of [11] was the
correct observation that all experiments measuring flavour
oscillations actually observe only a spatially varying in-
terference effect. This implies that all decay and detec-
tion times should be integrated over in order to derive
the quantum mechanical probability to be compared with
experiment. This is done, for example, in the derivation
of (86) above. Lipkin interpreted this correct statement
about the nature of the experiments as implying that time
should not appear at all in the theoretical description of
the experiments. Formulae containing the time were re-
ferred to as describing “non-experiments”. In all three pa-
pers cited above the initial state is incorrectly assumed to
be in a pure flavour eigenstate that is a superposition of
mass eigenstates. Thus, for example the Kg and the K,
or the different neutrino mass eigenstates are assumed to
be produced at the same time. Since they must be de-
tected at the same time, as only one detection event is
observed, the equal velocity hypothesis (17) is thus as-
sumed. Since the additional assumption of equal energies
and different momenta of the particles is made (of course
in logical contradiction with the equal velocity hypothe-
sis) the temporal part of the Lorentz invariant plane wave
does not contribute to the oscillation phase. The latter is
then entirely determined by the spatial part, as described
in Sect.4 above. The standard result for the oscillation
phase is then obtained. The arguments given by Lipkin
to justify the choice of equal energies and different mo-
menta of the propagating mass eigenstates are unconvinc-

. -0 C .

ing. On the process K~ p — K n Lipkin states “Energy
. . —0 .

conservation requires the K to have a definite energy.

When it is split into K7, and Kg components with dif-
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ferent masses the two states have the same energy but
different momenta”. There would seem to be no physical
justification for this apodictic statement. Momentum con-

servation requires the K to be produced with a definite
momentum. Why should it not then “split” into two states
with the same momentum, and different energies? Later
Lipkin gives an argument based on non-relativistic kine-

matics ((2b) of [11]) as applied to the process K~ p — E'n
to justify the neglect of the energy difference between the
K1, and Kg. Repeating the calculation using relativistic
kinematics, as more appropriate to typical experimental
conditions, shows instead that Ap/p = AE/E, so that
there is, in this case, no kinematical justification for the
equal energy hypothesis. Actually the Ki, and Kg, like
the different neutrino mass eigenstates, are produced in-
coherently, in different physical processes, so that there is

. —0 .
no production of the state “K 7. Conservation of energy
and momentum then shows that they must have different
energies, different momenta and different velocities.

In [11] a calculation of the oscillation phase for the

BB’ system is performed in the laboratory system us-
ing temporal evolution, and allowing different propaga-
tion times for the different mass eigenstates ((9b) of [11]).
As discussed in Sect. 4 above, this corresponds to the full
Lorentz invariant phase in the non-relativistic limit where
pi < m;. In this limit the complete O(m?) Gribov—
Pontecorvo result, with the oscillation phase a factor two
larger than the standard result, is obtained. Lipkin noticed
this difference but rejected the correct result given, in the
appropriate kinematical limit, by his (9b) on the grounds
that, as the time appeared explicitly in its derivation, it
corresponded to a “non-experiment”.

In [15], similar arguments are applied to the neutrino
oscillation case. Again, equal energies and different mo-
menta and the (contradictory) equal velocity hypotheses
are assumed, leading to the standard oscillation phase.
The initial state is required to be a superposition of dif-
ferent mass eigenstates with pure flavour. For example,
in the case of say ™ — uTv, the probability of de-
tecting a v is zero, and of detecting a v, is unity, at
L = 0. These conditions are used to fix the coefficients
of the mass eigenstate superposition at L = 0. However,
as is shown by inspection of (87) above, exactly the same
boundary condition is respected by the result of the Feyn-
man path amplitude calculation where the 77 decays in-
coherently into the different mass eigenstates at differ-
ent times and no unphysical “flavour eigenstate wave-
function” is introduced. It was claimed in [15] that the
energy-momentum and space-time descriptions of flavour
oscillations are “complementary” and that including them
both leads to “double counting” of the oscillation phase
by a factor of two. In fact, the Lorentz invariant oscilla-
tion phase contains (except in the rest frame of the prop-
agating particle) both energy-momentum and space-time
contributions that must both be included to obtain the
correct result. The detailed considerations of Sects.2-4
above show that attempts to use only energy-momentum
or space-time descriptions in inappropriate kinematical
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regions leads instead to “half counting” of the correct
Lorentz invariant phase.

In [16], Lipkin justified the “equal energy” hypothesis
by reference to a paper by Stodolsky [31] which attempted
a non-relativistic density matrix description of flavour os-
cillations. It was proposed to use “stationary” beams of
fixed energy to describe the system of propagating mass
eigenstates. In this way the introduction of spatial wave
packets was avoided. The present writer’s opinion is that
such an approach is ill-founded. In fact, the propagat-
ing particles describe classical trajectories, the detailed
spatio-temporal structure of which is essential for the cor-
rect QM description of the phenomenon. This information
is not available in the non-relativistic density matrix ap-
proach, which, in any case, is not appropriate to describe
ultra-relativistic neutrinos.

The “stationary” source and target description with
equal energies and different momenta for the neutrinos as
well as Gaussian spatial wave packets for both the source
and detector was used more recently by loannisian and
Pilaftsis [32]. As the equal velocity assumption (17) was
also made the standard oscillation phase was obtained.

It is interesting to note that, in an earlier paper, writ-
ten together with Kayser [33] Stodolsky proposed a covari-
ant Feynman path amplitude approach, akin to that of the
present paper and [3,6], to the description of “entangled”
systems such as ¢ — KgK7,. In this case, in contradiction
to [31], and as previously assumed by Kayser [30], equal
momenta and different energies were proposed. The treat-
ment of [33] differs from that of the present paper and [3,6]
in that the equal velocity hypothesis (17) was assumed,
so that the standard oscillation formula was obtained and
the contribution to the oscillation phase of the coherent
source was neglected. Also, unphysical spatial wave pack-
ets were introduced and the potentially important veloc-
ity smearing effects due to variations of order Ampg in
the physical mass of the Kg, as discussed in Sect. 5 above,
were neglected. The present writer is in agreement with
the main conclusion of this paper, that the “collapse of the
wavefunction” often discussed in connection with entan-
gled states, is only the collapse of a mathematical abstrac-
tion, that is actually irrelevant to the QM description of
the experiment. It is perhaps, however, going a little too
far to state, as in the last sentence of [33] that “The best
answer, finally to the “question of the collapse of the wave-
function” is that there is no wavefunction.” Indeed, the
QM of flavour oscillations is better described in terms of
Feynman path amplitudes, as proposed in [33]. However,
the wavefunction does remain an important and useful
concept in the description of “static” bound systems such
as the hydrogen atom.

Following Rich [34] several authors [35-37] have used
a non-relativistic Wigner—Weisskopf-type formalism to de-
scribe the complete production-propagation-detection pro-
cess. The propagating virtual neutrinos are assigned the
same energy and different momenta. In all cases the equal
velocity assumption is made leading to the standard os-
cillation phase. The present writer’s opinion is that such
treatments take properly into account neither the ultra-
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relativistic nature of the propagating neutrinos nor the se-
quence of spatio-temporal production and detection events
necessary for a correct calculation of the oscillation phase.
In one paper using this non-relativistic approach [37], the
effect of the source lifetime was discussed. Although it
was correctly concluded that the damping effect due to
the finite source lifetime is negligible, it was proposed that
the characteristic momentum spread in the Gaussian wave
packet, related to the source, for muon decay at rest (ac-
tually the Fourier transform of a Gaussian spatial wave
packet as proposed by Giunti, Kim and Lee [12] follow-
ing the suggestion of Kayser [30]) should be ~ 1073 MeV.
This is the typical momentum due to thermal motion at
room temperature. As discussed above, any momentum
smearing due to this source or to the physical mass of the
decaying muon is incoherent and not associated with any
wave packet. Indeed, in the case of muon decay, since all
recoil particles are stable, then, unlike in the case of pion
decay, there is no momentum wave packet associated with
neutrino propagation.

The equal energy, different momentum, hypothesis was
also made by the authors of [38]. This was justified by as-
suming that both production and detection of neutrinos
resulted from inelastic scattering on an infinitely heavy
target. Although such an assumption guarantees the kine-
matical correctness of the equal energy hypothesis, it evi-
dently does not correspond to actual neutrino experiments
where the neutrinos are produced by the decay of an un-
stable source, and where energy-momentum conservation
always requires (see (11) and (12) above) that both mo-
menta and energies and, hence the velocities, are different.
The equal velocity hypothesis (in contradiction with the
different momenta of the neutrinos) was also made so that
the neutrino propagator is purely spatial, giving, as shown
in Sect. 4 above, the standard oscillation phase.

Many of the features of the covariant path amplitude
calculation of Sect. 5 above and [3,6] have been previously
introduced into the discussion of neutrino oscillations. For
example, the Lorentz invariant Feynman propagator for
the neutrinos has been used in [21, 32,39-42]. The only
author to introduce explicitly the invariant propagator of
the source particle was Campagne [39]. As the equal ve-
locity hypothesis was also made there is no contribution
to the oscillation phase from this propagator and the stan-
dard result was obtained for the oscillation phase.

The authors of [43] recognised that the derivation of
the standard formula required the equal velocity hypothe-
sis, and that if exact energy-momentum conservation is
imposed, so that the neutrinos have different times-of-
flight, an oscillation phase a factor of two larger is ob-
tained. In spite of noting that neutrinos of widely differ-
ing masses, as expected theoretically, cannot have equal
velocities, the use of the equal velocity hypothesis was,
nevertheless, recommended. A short note of Okun and
Tsukerman [44] pointed out the kinematical impossibil-
ity of the equal velocity assumption for neutrinos with
different masses.

A paper by Giunti [45], considering the analogy be-
tween the interference effects in the Young double slit ex-
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periment and in neutrino oscillations, claimed to demon-
strate that the extra factor of two in the oscillation phase,
due to neutrino propagation, obtained when the different
neutrino velocities are correctly taken into account [3,43],
is incorrect. This argument was based on the correct ob-
servation that in the Young double slit experiment with
photons, photon propagation gives no contribution to the
interference phase. That this must be so is evident by
setting m; = 0 in (76) above. Giunti then claimed to
have rejected the different velocity hypothesis [43] and the
path amplitude calculations of [3] by reductio ad absurdum
since, in the analogous Young double slit experiment, a
vanishing interference phase, clearly excluded by experi-
ment, is apparently predicted. However, Giunti neglects
the contribution to the interference phase of the coherent
source (the excited atom that produces the photon). The
contribution of the source to the interference phase is, us-
ing the formula analogous to (73) above, for an atomic
radiative transition:

AP = E*(t) —ty) ~ EV(tl —tg) = E,Y<7‘2 —r1), (98)

where E*, and F, are respectively the atomic excitation
energy and the photon energy, while t1,t5 and ry,7ro are
defined in [45]. This formula is identical to (8) of [45],
and since the contributions from the photon propagators
vanish, the path amplitude calculation gives the usual re-
sult obtained in the classical wave theory of light. Hav-
ing wrongly concluded that the photon is produced at a
unique time, Giunti introduces a hypothetical Gaussian
spatial wave packet (unphysical, because it has no rela-
tion to the physics of the photon production process) and
demonstrates that the space-time smearing provided by
the wave packet allows one to recover the same interfer-
ence phase as in (98) above. Also the interference term is
found to be damped by a factor dependent on the length
of the wave packet. As discussed in [3], as well as above in
the present paper, this damping factor, derived from the
spurious spatial wave packet is also without any physical
foundation. The damping of the interference term is actu-
ally produced by the finite lifetime of the coherent source
that limits the value of ¢; — t2 in (98).

A recent paper by De Leo, Nishi and Rotelli [46] has
also considered the effect on the oscillation phase of dif-
ferent kinematical assumptions. As in [43] it was realised
that only in the case of the equal velocity hypothesis is the
standard oscillation phase obtained; in any other case the
phase is a factor of two larger. This agrees with the con-
clusions of Sects. 2, 3 and 4 of the present paper. The dif-
ference between the kinematical discussions of the present
paper and those of [46] is that in the former case, in accor-
dance with the experimental conditions, and as previously
pointed out in [11], a constant distance, L, is assumed be-
tween the source and the detection event. In the latter case
this distance is allowed to vary, and also different creation
times are allowed for the mass eigenstates. In the general
kinematical discussion of Section II of [46], which may be
compared to Sect. 2 above (since both discuss the Lorentz
invariant oscillation phase) it is assumed that At is the
same, but that Az is different for the different neutrinos.
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This is in complete disagreement with the experimental
conditions of typical neutrino oscillation experiments. In
order to permit different source-detector separations, a
Gaussian spatial wave packet was introduced. It was con-
cluded that by a suitable choice of creation times a pure
flavour eigenstate can be obtained at creation. Indeed the
necessary existence of such a state is the initial hypothesis
on which the arguments given in the paper are based. It
may be commented that, firstly, as pointed out long ago
by Shrock [7,8] no such flavour eigenstate exists since the
neutrinos are created in separate, incoherent, processes,
and secondly, the distance I must be constant, since the
source is assumed to be at rest. Finally, although it is
true that the different neutrinos may be created at differ-
ent times, the spatial wave packet introduced to allow the
possibility of different source—detector distances does not,
as argued above, have any physical basis.

A very recent paper by Beuthe [42] makes the same ba-
sic assumptions as an earlier paper by Giunti et al. [47].
Both equal momentum and equal energy hypotheses are
considered, but the equal velocity condition (17) is always
assumed so that the standard oscillation phase is always
recovered, and the important contribution to the oscil-
lation phase of the coherent source particle is neglected.
There is a lengthy discussion of the effects of hypothetical
Gaussian wave packets used to describe both the source
and detector particles.

Further critical discussion of different treatments in
the literature of the QM of neutrino oscillations may be
found in [3]. The same paper also describes briefly two
atomic physics experiments, the “quantum beat” experi-
ment [48] and the “photodetachment microscope” [49-51]
where the Feynman path amplitude description has been
successfully tested in experiments where spatially varying
interference effects, very similar to particle flavour oscilla-
tions, have been observed.

7 Summary and outlook

The kinematical and geometrical discussion of Sects. 2,
3 and 4 above shows that the standard formula (5), for
the contribution of neutrino propagation to the oscilla-
tion phase, is a consequence of the equal velocity hypoth-
esis where it is assumed that both interfering neutrinos
are produced at the same space-time point. This hypoth-
esis is incompatible with the propagation of the neutrinos
along classical space-time trajectories if they have differ-
ent masses. The oscillation phase, calculated at O(m?),
using the equal velocity hypothesis is found to be a factor
of two smaller than the result first obtained by Gribov and
Pontecorvo [1]. The latter is obtained by imposing both
exact energy-momentum conservation and a consistent ge-
ometrical propagation in space-time, taking properly into
account the different neutrino velocities. It is referred to
above as the “exact” O(m?) formula. Thus the standard
formula neglects numerically important O(m?) terms as
compared to the exact one.

This conclusion remains the same whether the neu-
trino propagator is described in a Lorentz invariant man-
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ner using plane waves (Sect. 2), whether convolution with
a Gaussian wave packet is performed (Sect. 3) or whether
only temporal or spatial evolution of the neutrino wave-
function is considered (Sect.4). In contrast, the assump-
tions of equal momenta and different energies or of equal
energies but different momenta give only negligible O(m?)
corrections to the exact formula, or to the standard for-
mula, as compared to the phase calculated assuming exact
energy-momentum conservation.

The Feynman path amplitude calculation of Sect. 5 is
based on the use of the exact Lorentz invariant plane wave
formula (or, equivalently, the invariant Feynman space-
time propagator) for the contribution of neutrino propa-
gation to the oscillation phase. Since the different neutrino
mass eigenstates are produced in independent physical
processes [3,7,8] the decay of the source can occur at dif-
ferent times in the amplitudes describing the propagation
of different neutrinos. The oscillation phenomenon then
occurs respecting the constraints of both exact energy-
momentum conservation and exact space-time geometry.
The different decay times of the source in the interfering
amplitudes then lead to an important contribution to the
oscillation phase from the space-time propagator of the
source.

Damping of the interference term due to the finite
source lifetime or momentum smearing related to the off-
shell nature of the source or recoil particles has been pre-
viously found to be completely negligible in all foreseeable
neutrino oscillation experiments [3].

All previous calculations in the literature in which the
standard oscillation phase is obtained assume the produc-
tion of a coherent “neutrino flavour eigenstate” in the
decay process, that is, a quantum superposition of mass
eigenstates. This enforces equal production times for all
mass eigenstates and hence the equal velocity condition.
As pointed out in [3,7,8,22] such a “neutrino flavour eigen-
state” does not exist. The different neutrino mass eigen-
states are produced incoherently in different physical pro-
cesses. This universal, incorrect, assumption concerning
the nature of the initial state of the neutrinos thus ex-
plains why the standard oscillation phase has been, hith-
erto, universally obtained. Thus the contribution to the
oscillation phase of neutrino propagation has been gener-
ally underestimated by a factor of two, and the important
contribution to the phase of the coherent source (result-
ing from different source decay times in the interfering
amplitudes) has been universally neglected.

As discussed in some detail in Sect. 6, in order to enable
the interference phenomenon, leading to “neutrino oscil-
lations” to occur when the different mass eigenstates are
produced at the same time inside the “neutrino flavour
eigenstate” it was proposed [30] to introduce a spatial
wave packet to delocalise the neutrinos. Moving with dif-
ferent velocities along classical trajectories, and produced
at the same space-time point, it is clear the neutrinos can
never arrive together at the unique space-time point of
the detection event. The spatial “fuzziness” introduced
by the hypothetical wave packets, associated with each
neutrino, was conjectured to enable them both to have
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non-vanishing amplitudes at the position of the detection
event, so that neutrino oscillations can occur. In fact, be-
cause the interfering neutrinos can be produced at differ-
ent times there is no need, to produce neutrino oscillations,
for the spatial fuzziness introduced by the hypothetical
wave packets.

The hypothetical wave packet suggested in [30] does
not exist in the QM calculation of the neutrino production
process. The neutrinos (particles) are produced in space-
time according to an exponential decay law. A “wave pack-
et” is only a (very loose) analogy in classical wave theory
to the effect of the lifetime of an unstable particle on the
energy (or mass) distribution of its decay products. In the
analogy this distribution is given by the Fourier trans-
form of the spatial wave packet, but there is no such wave
packet in the QM calculation itself. Thus the (mathemat-
ically convenient) Gaussian wave packets that abound in
the literature on the QM of neutrino oscillations have no
physical foundation within QM. The relevant (related) pa-
rameter, in the quantum mechanical calculation, is the
mean lifetime of the source. There is no physical connec-
tion between this parameter and the length of a loosely
analogous wave packet with an arbitrary Gaussian form.
The introduction of such wave packets in the QM calcula-
tion mixes up in a confused way concepts from QM and a
classical wave theory that contains no information on the
space-time evolution of particle positions.

The most important additional features of the present
paper as compared to [3,6] are, first, the realisation that
the standard oscillation phase follows only from the mani-
festly unphysical equal velocity hypothesis and is quite un-
related to the use of Gaussian wave packets or any of the
other kinematical assumptions made in the derivations.
The misleading impression may have been given in [3, 6]
that the standard oscillation phase, when obtained in co-
variant calculations, was a consequence of the use of wave
packets. The second is the realisation that the incoherent
nature of the neutrino production process, which is the
physical basis of the calculations presented in [3,6] and
Sect. 5 above, was already pointed out more than twenty
years ago by Shrock [7,8] in the published literature. I was
not aware of this work at the time of writing of [3,6].

In closing a few remarks are made on phenomenol-
ogy and experimental tests. The mass difference, Amgtand,
derived from experimental results using the standard for-
mula, is related to that given by the Feynman path am-
plitude calculation, Am#p, by the formula (valid for any
source at rest)

2 2 Amgtand
Amip = CAMGana = F g (99)
Py
while for neutrino oscillations following two body decays
in flight of ultra-relativistic charged pions or kaons [3]:

(1 — RrQn)Amgtand
2R2

m

Amip = : (100)

where R, is defined after (13). In the case of experiments
involving neutrino production in pion, kaon or muon decay
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Fig. 1. Correction factor for Am? relating the standard for-
mula to the Feynman path amplitude calculation

the conversion is straightforward. However, for neutrinos
produced in nuclear reactors the effective oscillation phase
will require a suitable average, with appropriate weighting
factors, over the decays of all § unstable nuclei contribut-
ing to the neutrino flux. For a given nuclear species the
correction factor, C, to the standard oscillation phase is
given, by (99), as 1/(Es/p, — 2), where Ej3 is the total
energy release in the decay. This is evidently an immense
undertaking for any actual reactor-based experiment. Any
phenomenological conclusions hitherto drawn from the re-
sults of such experiments, using the standard formula,
must therefore be discarded if the oscillation phase is cor-
rectly given by the path amplitude calculation.

Of particular interest, in view of the recent results of
the Kamiokande [52] and SNO [53] collaborations, are the
3 decay processes B — 8Be” + et + (11, 1o, 1) contribut-
ing to the flux of high energy solar neutrinos. The cor-
rection factor, C, in (99), is plotted in the range 0 <
py/Es < 0.45 in Fig. 1. For 8B 3 decay, Es ~ 28 MeV.
The correction factor is unity when p,/Es = 1/3, corre-
sponding to p, ~ 9.3 MeV. Near the kinematical end-point
at p, >~ 14MeV, C rises steeply, reaching a maximum
value of about 1500. Thus neutrino oscillations, observ-
able when C' ~ 1, are strongly suppressed'? in the near
end-point region. For the case of the electron capture reac-
tions e~ +"Be — "Li+(v1, v, 12) contributing line spectra
to the solar neutrino flux, p, ~ E*, where E* is the excita-
tion energy of the unstable "Be atom and C' = —1, so that
the oscillation phase of the path amplitude calculation is
the same as that given by the standard formula.

12 i e. they correspond to a vanishing mass difference or an

infinite wavelength for the oscillation in the standard formula
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As already mentioned in [3], evidence for neutrino os-
cillations in short baseline experiments such as LNSD [54]
and KARMEN [55] can be confirmed or invalidated by a
search for muon oscillations following pion decay at rest,
since the muon oscillation phase is found [3] to be identical
to that of the associated neutrinos given in (87) above. Ev-
idently the event rate in such muon oscillation experiments
can exceed that possible in the search for the associated
neutrino oscillations by many orders of magnitude.

Note added in proof: It has demonstrated recently that
coherent production of neutrino flavour eigenstates in pion
decay is inconsistent with measurements of the ratio:
I'(m — ev)/I'(m — pv) and the MNS matrix elements [56].
In the same paper a definitive test of the oscillation phase
formula, by comparing ‘v, disappearance’ following ei-
ther pion or kaon decay in long-linebase terrestrial ex-
periments, is proposed.
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